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AC-GORENSTEIN RINGS AND THEIR STABLE MODULE
CATEGORIES
JAMES GILLESPIE
Abstract. We introduce what is meant by an AC-Gorenstein ring. It is a
generalized notion of Gorenstein ring which is compatible with the Gorenstein
AC-injective and Gorenstein AC-projective modules of Bravo-Gillespie-Hovey.
It is also compatible with the notion of n-coherent rings introduced by Bravo-
Perez: So a 0-coherent AC-Gorenstein ring is precisely a usual Gorenstein ring
in the sense of Iwanaga, while a 1-coherent AC-Gorenstein ring is precisely
a Ding-Chen ring. We show that any AC-Gorenstein ring admits a stable
module category that is compactly generated and is the homotopy category of
two Quillen equivalent abelian model category structures. One is projective
with cofibrant objects the Gorenstein AC-projective modules while the other is
an injective model structure with fibrant objects the Gorenstein AC-injectives.
1. Introduction
Throughout this paper we let R be a ring with identity, not necessarily commu-
tative. If R is both left and right Noetherian, we say R is a Gorenstein ring if it
has finite injective dimension, as both a left and right module over itself. These
rings were introduced and studied by Iwanaga in [Iwa79] and [Iwa80], generaliz-
ing (commutative) Gorenstein rings. Perhaps the most important fact about these
rings is the following: Suppose the (left and right) injective dimension of R is at
most d. Then an R-module has finite flat dimension if and only if it has finite
injective dimension, and if this is the case, each dimension can be at most d. We
can think of this as the Fundamental Theorem of Gorenstein rings, for it leads to a
very satisfying theory of Gorenstein homological algebra, which has been studied in
particular by Edgar Enochs and many coauthors, but also by many other authors.
From the homotopy theoretic standpoint, the Fundamental Theorem leads to
two Quillen equivalent abelian model structures on R-Mod, the category of left
(or right) R-modules. This was shown by Hovey in [Hov02]. Of the two model
structures he constructed, one is projective in nature, with the cofibrant objects
being precisely the Gorenstein projective modules from the theory of Gorenstein
homological algebra, while the other is injective in its nature - the fibrant objects
are the Gorenstein injective modules. But the two model structures are balanced
in the sense that each have the same trivial objects. This is precisely the class of
all R-modules satisfying the Fundamental Theorem. That is, they have finite flat
(equivalently, injective) dimension, bounded by d. The homotopy category of these
model structures provides a stable module category, denoted Stmod(R), which is a
compactly generated triangulated category.
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The point of this paper is to give a generalization of Hovey’s constructions de-
scribed above to non-Noetherian rings. Of course we first need an appropriate
notion of Gorenstein ring for non-Noetherian rings. Now for an arbitrary ring
R, it was shown in [BGH14] that the so-called absolutely clean modules coincide
with the injective modules over Noetherian rings. In fact, they even coincide with
the absolutely pure modules over coherent rings, and yet over any ring they share
the many important homological properties enjoyed by absolutely pure modules
over coherent rings. For example, the class of absolutely clean modules is always
closed under direct limits, contains all injective modules, is closed under cokernels
of monomorphisms between absolutely clean modules, and there is a set (not just
a proper class) of absolutely clean modules so that every absolutely clean module
is built from ones in that set, as a transfinite extension.
Absolutely clean modules are defined as the modules that are injective relative
to modules of type FP∞, where a module F is said to be of type FP∞ if it admits
a projective resolution
· · · −→ P2 −→ P1 −→ P0 −→ F −→ 0
with each Pi a finitely generated projective R-module. So an R-module A is called
absolutely clean if Ext1R(F,A) = 0 for all R-modules F of type FP∞. On the other
hand, we can widen our notion of flat modules too, and call a (left) R-module L
level if TorR1 (F,L) = 0 for all (right) R-modules F of type FP∞. A ring is (right)
coherent if and only if the class of level (left) modules coincide with the flat modules,
but the level modules enjoy the nice homological properties that the flat modules
over coherent rings enjoy. In particular, level modules are closed under products
over any ring R.
So a natural first attempt to extend Gorenstein rings beyond the Noetherian
setting would be to consider rings for which both RR and RR have finite abso-
lutely clean dimension. Then imitating the proof of the Fundamental Theorem of
Gorenstein rings, one begins to argue as follows: (i) Any free (left) R-module, being
a direct sum of RR, must also have finite absolutely clean dimension. Then (ii),
any projective R-module, being a retract of a free module, must also have finite
absolutely clean dimension. So then (iii), any flat R-module, being a direct limit
of projective modules, must also have finite absolutely clean dimension. If the ring
is coherent, you are on your way to proving the Fundamental Theorem because
the level modules coincide with the flat modules over coherent rings. In fact, this
generalization to coherent rings, including a statement of the Fundamental The-
orem in this context, was worked out by Ding and Chen in [DC93] and [DC96].
These rings are now often called Ding-Chen rings. However, for non-coherent rings,
the (left) level modules are not constructed in any reasonable way from RR. So
this first attempt described above fails. What we must do instead is to define AC-
Gorenstein rings (AC is referencing “absolutely clean”) to be the rings for which
all (left and right) level modules, not just RR and RR, are of finite absolutely
clean dimension. We show in Section 3 that it is equivalent to require that all (left
and right) absolutely clean modules are of finite level dimension. This leads to the
main point, made in Section 4 that the Fundamental Theorem generalizes to any
AC-Gorenstein ring; see Theorem 4.2.
Indeed Theorem 4.2 describes the trivial objects for two different model struc-
tures on R-Mod, when R is any AC-Gorenstein ring. In Section 6 we construct the
projective model structure. Its cofibrant objects are the Gorenstein AC-projective
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R-modules of [BGH14]; see Definition 2.3. This model structure is finitely gener-
ated and so produces a compactly generated stable module category. On the other
hand, in Section 7 we construct the dual injective model structure, with its fibrant
objects being precisely the Gorenstein AC-injective modules.
We point out that the generalization of Hovey’s model structures, from the Noe-
therian to the coherent case, was already worked out in [Gil10]. Our results agree
exactly, so this paper is meant to provide the generalization in this direction beyond
coherent rings. The nice thing is that our generalization is compatible with the no-
tion of n-coherent rings recently studied in [BP17]. We explain this connection in
Section 5, but briefly, Bravo and Pe´rez classify n-coherent rings in terms of the
absolutely clean modules. The (left) 0-coherent rings are precisely the (left) Noe-
therian rings while the (left) 1-coherent rings are precisely the usual (left) coherent
rings. Section 5 also looks at the example of graded R[x]/(x2)-modules, showing
that in some cases their stable (graded) module categories are recovering D(R), the
derived category of the ring R.
Acknowledgement: The author thanks Marco Pe´rez for reading this paper and
providing helpful comments and feedback.
2. Preliminaries
Throughout the paper R denotes a general ring with identity. We will work with
both left and right R-modules. But we will favor the left, so that R-module will
mean left R-module, unless stated otherwise. The category of left R-modules will
be denoted R-Mod, while the category of right R-modules will be denoted Mod-R.
2.1. Cotorsion pairs. LetA be an abelian category such as R-Mod. By definition,
a pair of classes (X ,Y) in A is called a cotorsion pair if Y = X⊥ and X = ⊥Y. Here,
given a class of objects C in A, the right orthogonal C⊥ is defined to be the class
of all objects X such that Ext1A(C,X) = 0 for all C ∈ C. Similarly, we define the
left orthogonal ⊥C. We call the cotorsion pair hereditary if ExtiA(X,Y ) = 0 for all
X ∈ X , Y ∈ Y, and i ≥ 1. The cotorsion pair is complete if it has enough injectives
and enough projectives. This means that for each A ∈ A there exist short exact
sequences 0 −→ A −→ Y −→ X −→ 0 and 0 −→ Y ′ −→ X ′ −→ A −→ 0 with X,X ′ ∈ X
and Y, Y ′ ∈ Y. Standard references include [EJ01] and [GT06] and connections to
abelian model categories can be found in [Hov02] and [Gil16b].
2.2. Projective and injective cotorsion pairs. AssumeA is a bicomplete abelian
category with enough projectives. By a projective cotorsion pair in A we mean a
complete cotorsion pair (C,W) for which W is thick and C ∩W is the class of pro-
jective objects. Such a cotorsion pair is equivalent to a projective model structure
on A. By this we mean the model structure is abelian in the sense of [Hov02] and
all objects are fibrant. The cofibrant objects in this case are exactly those in C
and the trivial objects are exactly those in W . We also have the dual notion of
an injective cotorsion pair (W ,F) which gives us an injective model structure on
a bicomplete abelian category with enough injectives. One could see [Gil16a] for
more on projective and injective cotorsion pairs. An important fact is that such
cotorsion pairs are always hereditary and this implies that the associated homotopy
category must be stable; that is, it is not just pre-triangulated but a triangulated
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category. We will use the following proposition to construct projective cotorsion
pairs in this paper. It is proved in [BGH14, Prop. 3.4].
Proposition 2.1 (Construction of a projective model structure). Let A be a bicom-
plete abelian category with enough projectives and denote the class of projectives by
P. Let C be any class of objects and set W = C⊥. Suppose the following conditions
hold:
(1) (C,W) is a complete cotorsion pair.
(2) W is thick.
(3) P ⊆ W.
Then there is an abelian model structure on A where every object is fibrant, C are
the cofibrant objects, W are the trivial objects, and P = C ∩ W are the trivially
cofibrant objects. That is, (C,W) is a projective cotorsion pair.
2.3. Finite type modules, absolutely clean, and level modules. The follow-
ing definitions were introduced in [BGH14] and are fundamental to this paper as
well. Here we just give reminders of key definiteions. It is highly recommended
that the reader see [BGH14, Section 2] for further detail.
First, a module F is said to be of type FP∞ if it has a projective resolution
· · · −→ P2 −→ P1 −→ P0 −→ F −→ 0
with each Pi finitely generated.
Definition 2.2. We call an R-module A absolutely clean if Ext1R(F,A) = 0 for
all R-modules F of type FP∞. On the other hand, we call an R-module L level if
TorR1 (F,L) = 0 for all (right) R-modules F of type FP∞.
2.4. Gorenstein AC-injective and Gorenstein AC-projective modules. Based
on the usual notions of Gorenstein injective and Gorenstein projective modules,
the following definitions were introduced in [BGH14]. They may be thought of as
Gorenstein injective (projective) but relative to the idea that the modules of type
FP∞ are playing the role of “finite module”.
Definition 2.3. We call an R-moduleM Gorenstein AC-injective if there exists
an exact complex of injective modules
· · · → I1 → I0 → I
0 → I1 → · · ·
with M = ker (I0 → I1) and which remains exact after applying HomR(A,−) for
any absolutely clean A. On the other hand, we call an R-module M Gorenstein
AC-projective if there exists an exact complex of projectives
· · · → P1 → P0 → P
0 → P 1 → · · ·
with M = ker (P 0 → P 1) and which remains exact after applying HomR(−, L) for
any level module L.
2.5. Dimension shifting lemma. We will make use of the following standard
lemma.
Lemma 2.4 (Dimension shifting). Let M and N be R-modules and suppose we
have exact sequences as below where the Pi are projectives and the I
i are injectives:
0 −→ ΩdM −→ Pd−1 −→ · · · −→ P1 −→ P0 −→M −→ 0
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0 −→ N −→ I0 −→ I1 −→ · · · −→ Id−1 −→ ΣdN −→ 0.
Then we have Ext1R(Ω
dM,N) ∼= Extd+1R (M,N)
∼= Ext1R(M,Σ
dN).
Proof. Using the sequence on the top and dimension shifting we get
Extd+1R (M,N)
∼= ExtdR(Ω
1M,N) ∼= Extd−1R (Ω
2M,N) ∼= · · · ∼= Ext1R(Ω
dM,N).
On the other hand, using the bottom sequence and dimension shifting gives us
Extd+1R (M,N)
∼= ExtdR(M,Σ
1N) ∼= Extd−1R (M,Σ
2N) ∼= · · · ∼= Ext1R(M,Σ
dN).

3. Absolutely clean and level dimensions
In order to define AC-Gorenstein rings and prove the Fundamental Theorem 4.2,
we first introduce some new homological dimensions that can be attached to a ring
R. These dimension are based on level and absolutely clean modules and we define
them in this section.
Definition 3.1. LetM be an R-module. Its level dimension ld(M) is the smallest
nonnegative integer n, if it exists, such that there is a resolution of M by level
modules
0 −→ Ln −→ · · · −→ L1 −→ L0 −→M −→ 0.
Similarly, its absolutely clean dimension ad(M) is the smallest nonnegative integer
n, if it exists, such that there is a coresolution of M by absolutely clean modules
0 −→M −→ A0 −→ A1 −→ · · · −→ An −→ 0.
In either case, if no such n exists we set ld(M) or ad(M) equal to ∞.
Of course the same definitions can be made for right R-modules. Since injective
modules are absolutely clean we have ad(M) ≤ id(M), and since flat modules are
level we have ld(M) ≤ fd(M).
It was shown in [BGH14, Section 2] that ExtnR(F,A) = 0 for all n > 0, whenever
F is type FP∞ and A is absolutely clean. Using this the reader can prove the
following lemma.
Lemma 3.2 (absolutely clean dimension Lemma). The following are equivalent:
(1) ad(M) ≤ n
(2) Extn+1R (F,M) = 0 for all modules F of type FP∞.
(3) Extn+iR (F,M) = 0 for all i ≥ 1 and modules F of type FP∞.
(4) Whenever 0 −→ M −→ A0 −→ A1 −→ · · · −→ An−1 −→ Mn −→ 0 is exact with
each Ai absolutely clean, then Mn is also absolutely clean.
Similarly, it is shown in [BGH14, Section 2] that TorRn (F,L) = 0 for all n > 0,
level modules L, and right modules F of type FP∞. It yields the analogous lemma
below.
Lemma 3.3 (level dimension Lemma). The following are equivalent:
(1) ld(M) ≤ n
(2) TorRn+1(F,M) = 0 for all right modules F of type FP∞.
(3) TorRn+i(F,M) = 0 for all i ≥ 1 and right modules F of type FP∞.
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(4) Whenever 0 −→ Mn −→ Ln−1 −→ · · · −→ L1 −→ L0 −→ M −→ 0 is exact with
each Li level, then Mn is also level.
One can use the above lemmas to easily verify the following lemma.
Lemma 3.4. We have ad(N) ≤ ad(M) and also ld(N) ≤ ld(M) whenever N is a
direct summand of M .
Recall that for any left or right R-module M , we can form the character mod-
ule M+ = HomZ(M,Q/Z). In the obvious way M
+ inherits a right (resp. left)
R-module structure whenever M is a left (resp. right) R-module. It is shown
in [BGH14, Section 2] that L is level if and only if L+ is absolutely clean, and that
A is absolutely clean if and only if A+ is level. We use this to prove the following.
Proposition 3.5. Let M be a left or right R-module and M+ its character module.
We have ad(M) = ld(M+), and ld(M) = ad(M+).
Proof. We first show ld(M+) ≤ ad(M). So assume ad(M) = n < ∞. Then by
definition there is a coresolution of M by absolutely clean modules
0 −→M −→ A0 −→ A1 −→ · · · −→ An −→ 0.
Applying HomZ(−,Q/Z), we conclude that ld(M
+) ≤ n. On the other hand, to
show ad(M) ≤ ld(M+), we assume ld(M+) = n, for some n < ∞. Then using
completeness of the absolutely clean cotorsion pair, we can take a coresolution of
M as above where all the Ai (except perhaps An) are absolutely clean. Using the
absolutely clean dimension Lemma 3.2 it is only left to show An is also absolutely
clean. But by applying HomZ(−,Q/Z) and the level dimension Lemma 3.3, we see
that An+ must be level. So An is absolutely clean. This shows ad(M) = ld(M+),
and ld(M) = ad(M+) is proved in the same way. 
Corollary 3.6. We have ad(M) = ad(M++) and also ld(M) = ld(M++) for any
left or right R-module M .
3.1. The global dimensions AD-lev(R) and LD-abs(R). Recall once again
that we denote the category of left R-modules by R-Mod while Mod-R denotes the
category of right R-modules.
Definition 3.7. Let R be any ring. We define the following global dimensions:
• ℓAD-lev(R) = sup{ad(L) |L ∈ R-Mod is level}
• ℓLD-abs(R) = sup{ld(A) |A ∈ R-Mod is absolutely clean}
• rAD-lev(R) = sup{ad(L) |L ∈ Mod-R is level}
• rLD-abs(R) = sup{ld(A) |A ∈Mod-R is absolutely clean}
We remember the notation by thinking of the first one, for example, as the left
absolutely clean dimension among all level R-modules.
Lemma 3.8. Let R be any ring. Then:
(1) ℓAD-lev(R) ≤ rLD-abs(R)
(2) ℓLD-abs(R) ≤ rAD-lev(R)
(3) rAD-lev(R) ≤ ℓLD-abs(R)
(4) rLD-abs(R) ≤ ℓAD-lev(R)
Proof. The proofs are all similar. We just show the first one. Here we have
ℓAD-lev(R) equals
sup{ad(L) |L ∈ R-Mod is level} = sup{ld(L+) |L ∈ R-Mod is level}
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by using Proposition 3.5. But clearly,
sup{ld(L+) |L ∈ R-Mod is level} ≤ sup{ld(A) |A ∈Mod-R is absolutely clean}.
So we have shown ℓAD-lev(R) ≤ rLD-abs(R). 
Lemma 3.8 immediately gives us the next two corollaries.
Corollary 3.9. Let R be any ring. Then:
(1) ℓLD-abs(R) = rAD-lev(R)
(2) rLD-abs(R) = ℓAD-lev(R)
For commutative rings we need not distinguish between left and right modules;
we get ℓAD-lev(R) = rAD-lev(R), which we simply denote by AD-lev(R). Similarly,
we get ℓLD-abs(R) = rLD-abs(R), which we denote LD-abs(R).
Corollary 3.10. For any commutative ring R we have AD-lev(R) = LD-abs(R).
4. AC-Gorenstein rings
The purpose of this section is to define AC-Gorenstein rings and to prove the
Fundamental Theorem 4.2 which characterizes their trivial R-modules.
Definition 4.1. We say that R is an AC-Gorenstein ring if
(i) ℓLD-abs(R) <∞ and rLD-abs(R) <∞.
Equivalently,
(ii) ℓAD-lev(R) <∞ and rAD-lev(R) <∞.
In words, (i) says there exists an integer d <∞ such that any left or right absolutely
clean R-module has level dimension at most d. By Corollary 3.9 we have the
equivalent in (ii): any left or right level R-module has absolutely clean dimension
at most d. By the dimension of such a ring we mean the least integer d for which
this is true.
Using the results of Section 3, we can now easily prove the following crucial
result. It is a generalization of a well known and fundamental result for Gorenstein
rings [Iwa80] and Ding-Chen rings [DC93].
Theorem 4.2. Let R be an AC-Gorenstein ring of dimension d. Then the following
statements are equivalent for any given left or right R-module M .
(1) ld(M) <∞.
(2) ld(M) ≤ d.
(3) ad(M) <∞.
(4) ad(M) ≤ d.
Proof. Note that (2) =⇒ (1), and (4) =⇒ (3) are trivial.
To show (1) =⇒ (4), suppose we have an exact sequence
0 −→ Ln −→ · · · −→ L1 −→ L0 −→M −→ 0
with each Li a level R-module. Since R is AC-Gorenstein of dimension d, each
Li has ad(Li) ≤ d. But it is easy to see, using the Ext
d+i
R characterization of
Lemma 3.2, that the class of all modules N with ad(N) ≤ d, is a coresolving class.
So we get ad(M) ≤ d too. This proves (1) =⇒ (4), and (3) =⇒ (2) can be
proved similarly. 
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Definition 4.3. Let R be an AC-Gorenstein ring of dimension d. We call an R-
module trivial if is satisfies the equivalent conditions in Proposition 4.2. We will
denote the class of all trivial modules by W .
The class W will indeed turn out to be the class of trivial objects in the two
abelian model structures we construct on R-Mod. Recall that the axioms for an
abelian model structure require that the classW of trivial objects be a thick class.
This means that W must be closed under direct summands (retracts) and satisfy
the two out of three property on short exact sequences.
Corollary 4.4. Let R be an AC-Gorenstein ring of dimension d. Then the class
W of all trivial R-modules satisfies each of the following.
(1) W contains all projective and injective modules.
(2) W is a thick class.
(3) W is closed under direct products, direct sums, and in fact direct limits.
(4) W is closed under transfinite extensions.
Proof. Obviously W contains all projective and injective modules. Condition (2)
of Lemma 3.2, or Lemma 3.3, imply that W is closed under direct summands and
extensions. Now given a monomorphismM →֒ N withM,N ∈ W , the induced long
exact sequence in Extd+iR (F,−) shows that its cokernel is in W too. On the other
hand, TorRd+i(F,−) can be used to showW contains any kernel of any epimorphism
between objects in W . So W is a thick class.
To prove (3), use that the functor Extd+1R (F,−) commutes with direct products
while the functor TorRd+1(F,−) commutes with direct sums and direct limits. (In
fact, since F is of type FP∞ the functor Tor
R
d+1(F,−) also commutes with direct
products while the functor Extd+1R (F,−) will commute with direct sums and direct
limits!)
Finally, since W is closed under extensions and direct limits it is closed under
transfinite extensions too. 
5. Examples of AC-Gorenstein rings and n-coherence
In this section we give some examples of AC-Gorenstein rings and describe a nice
connection to the n-coherent rings recently studied by Bravo and Pe´rez [BP17]. We
also give some particular attention to the example of graded R[x]/(x2)-modules,
extending some ideas from [GH10].
5.1. Iwanaga-Gorenstein rings. Let R be a (left and right) Noetherian ring.
ThenR is AC-Gorenstein if and only if it is Gorenstein in the sense of Iwanaga [Iwa79]
and [Iwa80]. Indeed, in the Noetherian case, level modules coincide with flat mod-
ules and absolutely clean modules coincide with injective modules.
Frobenius rings are Gorenstein and of course any Noetherian ring of finite global
dimension is Gorenstein. If R is a commutative Gorenstein ring and G is a finite
group, then the group ring R[G] is Gorenstein.
5.2. Ding-Chen rings. Let R be a (left and right) coherent ring. Then R is AC-
Gorenstein if and only if it is Ding-Chen in the sense of [Gil10]. These are the
coherent analog to Gorenstein rings and were introduced in [DC93] and [DC96].
For coherent rings, level modules coincides with flat modules and absolutely clean
modules coincides with absolutely pure (FP-injective) modules.
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Examples of Ding-Chen rings include all Gorenstein rings, and the group ring
R[G] over a finite group is Ding-Chen whenever R is a commutative Ding-Chen ring.
Any von-Neumann regular ring is also a Ding-Chen ring. In particular, if R is an
infinite product of fields, then R is a Ding-Chen ring. Furthermore it follows from
Theorem 7.3.1 of [GL89] that R[x1, x2, x3, · · · , xn] is a commutative Ding-Chen
ring. Another example of a Ding-Chen ring is the group ring R[G] where R is an
FC-ring (Ding-Chen of dimension 0) and G is a locally finite group. See [Dam79].
5.3. n-coherent AC-Gorenstein rings. The notion of n-coherent rings were
nicely studied in [BP17]. Briefly, a ring R is (left) n-coherent (0 ≤ n ≤ ∞) if
and only if the class of finitely n-presented (left) modules is a thick class. Here a
module F is finitely n-presented if there exists an exact sequence
Pn −→ Pn−1 −→ · · · −→ P2 −→ P1 −→ P0 −→ F −→ 0
with each Pi a finitely generated projective. It turns out that a ring is (left) 0-
coherent if and only if it is (left) Noetherian and it is (left) 1-coherent if and only if
it is (left) coherent in the usual sense. As n increases the n-coherent rings become
more wild, but every ring is at least∞-coherent because the modules of type FP∞
always form a thick class. Thus every ring can be classified as n-coherent for some
0 ≤ n ≤ ∞.
Using this language, a Gorenstein ring is precisely a 0-coherent AC-Gorenstein
ring, while a Ding-Chen ring is precisely a 1-coherent AC-Gorenstein ring. By
an n-coherent AC-Gorenstein ring we mean exactly what these words say,
“n-coherent” is simply being used as an adjective.
In [WLY17], the authors introduced a similar but different notion for some non-
coherent rings, which they called Gorenstein n-coherent. These rings are certainly
n-coherent AC-Gorenstein rings in our sense. It seems extremely unlikely however
that the converse is true.
5.4. Rings with finite weak dimension. Let R be a ring and M be an R-
module. Since projective modules are flat and flat modules are level, we have
ld(M) ≤ fd(M) ≤ pd(M). So any ring of finite (left and right) global dimension,
or just finite weak dimension, must be AC-Gorenstein.
But of course the same is true for any ring having finite (left and right) global
level dimension. As a particular example, let k be a field and R := k[x1, x2, · · · ]/m
2
be the quotient of the polynomial ring in infinitely many variables by the square
of the maximal ideal m = (x1, x2, · · · ). It is shown in [BP17, Example 2] that R is
2-coherent and it follows from [BGH14, Prop. 2.5] that every R-module is level. So
R is an example of a 2-coherent AC-Gorenstein ring of dimension 0.
5.5. Graded R[x]/(x2)-modules. Let R be a ring and consider the ring A =
R[x]/(x2). Following ideas in [GH10], we think of A as a Z-graded ring with a copy
of R, generated by 1R, in degree 0, and another copy of R, generated by x, in degree
−1. We let A-Mod denote the category of graded left A-modules and Mod-A the
category of graded right A-modules. One can check that the category A-Mod is iso-
morphic to the category Ch(R), of unbounded chain complexes of (left) R-modules.
Indeed multiplication by x corresponds to the differential d. Everything discussed
in this paper has an analog in A-Mod and we have the following proposition and
corollary.
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Proposition 5.1. Let X be a (left) A-module, thought of as a chain complex of
(left) R-modules.
(1) X has finite level dimension, that is, ld(X) ≤ n < ∞, if and only if X is
an exact chain complex with each cycle ZiX a (left) R-module of finite level
dimension ld(ZiX) ≤ n.
(2) X has finite absolutely clean dimension, that is, ad(X) ≤ n < ∞, if and
only if X is an exact chain complex with each cycle ZiX a (left) R-module
of finite absolutely clean dimension ad(ZiX) ≤ n.
(3) X is Gorenstein AC-projective if and only if each component Xn is Goren-
stein AC-projective and any chain map X −→ L is null homotopic whenever
L is a level chain complex.
(4) X is Gorenstein AC-injective if and only if each component Xn is Goren-
stein AC-injective and any chain map A −→ X is null homotopic whenever
A is an absolutely clean chain complex.
Proof. It was shown in [BG16] that the level chain complexes are precisely the exact
chain complexes whose each cycle module ZiX is level. The analogous result was
also shown for the absolutely clean complexes. Now if ld(X) ≤ n <∞, then X has
a resolution by level chain complexes
0 −→ Ln −→ · · · −→ L1 −→ L0 −→ X −→ 0.
It follows that X must be exact and that we have an exact sequence of cycles
0 −→ Zi(Ln) −→ Zi(Ln−1) −→ · · · −→ Zi(L1) −→ Zi(L0) −→ ZiX −→ 0.
So ld(ZiX) ≤ n.
It was shown in [BG16] that the class of level modules is resolving and that level
resolutions of complexes exist. So using part (4) of the level dimension Lemma 3.3
we can also prove the converse. The case of absolutely clean dimension is similar.
Statement (4) is proved in [BG16] and (3) is prove in [Gil17]. 
Corollary 5.2. Let R be a ring, and A = R[x]/(x2) the associated graded ring.
(1) If R is (left) n-coherent, then the graded ring A = R[x]/(x2) is also (left)
n-coherent.
(2) If R is AC-Gorenstein of dimension d, then the graded ring A = R[x]/(x2)
is also AC-Gorenstein of dimension d.
(3) Whenever the graded ring A is AC-Gorenstein of dimension d, the trivial
(left) A-modules are precisely the exact (left) chain complexes X having
each cycle module satisfying ld(ZiX) ≤ d and/or ad(ZiX) ≤ d.
(4) Whenever the graded ring A is AC-Gorenstein of dimension d, there always
exist nontrivial A-modules. That is, chain complexes X for which ld(X) =
∞ and ad(X) =∞. Indeed any non exact chain complex will do.
(5) If R has infinite (left and right) global level dimension, then there even
exists a nontrivial A-module that is exact.
Proof. (1) For A = R[x]/(x2) to be graded (left) n-coherent means that the class of
all finitely n-presented (left) R-chain complexes is thick. But a chain complex X is
finitely n-presented if and only if it is bounded with each component Xn a finitely
n-presented (left) R-module [ZP17, Prop.2.1.4]. It follows that the graded ring
A = R[x]/(x2) is (left) n-coherent whenever R is (left) n-coherent. (We also point
out that the notion of (left) 0-coherent coincides with the usual notion of graded
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(left) Noetherian. The reason is because a homogeneous (left) ideal is precisely a
graded (left) submodule of A = R[x]/(x2).)
Statements (2), (3), and (4) are consequences of Propositions 5.1 and 4.2.
For (5), suppose M is any (left) R-module with ld(M) = ad(M) = ∞. Then
any “disk” complex on M :
· · · −→ 0 −→ 0 −→M
1M−−→M −→ 0 −→ 0 · · ·
is an exact complex with a cycle of infinite level and absolutely clean dimensions. So
again using Proposition 5.1 we conclude from (3) that this A-module is nontrivial.

6. The stable module category of an AC-Gorenstein ring
Let R be an AC-Gorenstein ring and let W be the class of all trivial R-modules
as in Definition 4.3. The goal of this section is to construct a finitely generated
abelian model structure on R-Mod havingW as the class of trivial objects. This is
accomplished in Theorem 6.2. The cofibrant (resp. trivially cofibrant) objects will
be the Gorenstein AC-projective (resp. categorically projective) R-modules. We
think of the homotopy category of this model structure as the stable module category
of R, and denote it by Stmod(R), and it is a compactly generated triangulated
category.
Suppose F is a module of type FP∞. By definition this module has a projective
resolution
· · · −→ P2 −→ P1 −→ P0 −→ F −→ 0
with each Pi finitely generated. We let Ω
1F = ker(P0 −→ F ) denote the first syzygy,
and more generally ΩnF = ker(Pn−1 −→ Pn−2) denotes the n-th syzygy. Note that
each ΩnF is also of type FP∞.
Proposition 6.1. Let R be any ring and d ≥ 0 be a given natural number. Let
ACd denote the class of all modules N having ad(N) ≤ d. Then (
⊥ACd,ACd) is
a cotorsion pair cogenerated by the set S = {ΩdF} of all d-th syzygies, where F
ranges through the set of all (isomorphism representatives of) modules of type FP∞.
Proof. Certainly (⊥(S⊥),S⊥) is a cotorsion pair cogenerated by S. We just need
to show that S⊥ = ACd. We argue as in the proof of [Hov02, Theorem 8.3].
(⊆) Let N ∈ S⊥ and consider a short exact sequence
0 −→ N −→ I0 −→ I1 −→ · · · −→ Id−1 −→ ΣdN −→ 0
where each Ii is injective. We wish to show that ΣdN is absolutely clean and
this requires showing Ext1R(F,Σ
dN) = 0 where F is any module of type FP∞.
But by Lemma 2.4 we have Ext1R(F,Σ
dN) ∼= Ext1R(Ω
dF,N) and this equals 0 by
hypothesis.
(⊇) We can reverse the above argument. Let N ∈ ACd. Then constructing an
exact sequence
0 −→ N −→ I0 −→ I1 −→ · · · −→ Id−1 −→ ΣdN −→ 0
with each Ii injective must produce a ΣdN that is absolutely clean, by Lemma 3.2(4).
So 0 = Ext1R(F,Σ
dN) ∼= Ext1R(Ω
dF,N). So N ∈ S⊥. 
We now can prove our main theorem. Let GP denote the class of all Gorenstein
AC-projective modules; see Definition 2.3.
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Theorem 6.2. Let R be an AC-Gorenstein ring of dimension d and let W be the
class of all trivial R-modules as in Definition 4.3. Then Mprj = (GP ,W) is a
projective cotorsion pair in R-Mod. Furthermore, its associated model structure
is finitely generated. In fact Ho(Mprj), its homotopy category, is a compactly
generated triangulated category with the set S = {ΩdF} of Proposition 6.1 serving
as a set of compact weak generators.
Proof. We give the proof in three steps. First we show (⊥W ,W) is a projective co-
torsion pair. Second, we show its homotopy category to be compactly generated by
the set S = {ΩdF}. Last, we will show ⊥W is precisely the class GP of Gorenstein
AC-projectives.
(Step 1) We show that (⊥W ,W) is a projective cotorsion pair. Since, by defi-
nition, W is the class of all modules in Proposition 4.2, we get that (⊥W ,W) =
(⊥ACd,ACd) is precisely the cotorsion pair of Proposition 6.1. So (
⊥W ,W) is a
(necessarily complete) cotorsion pair cogenerated by the set S = {ΩdF}. But in
this case the class W is thick and contains the projectives by Corollary 4.4. Hence
(⊥W ,W) is a projective cotorsion pair by Proposition 2.1.
(Step 2) We now show that the set S = {ΩdF} of Proposition 6.1 is a set of compact
weak generators for the homotopy category associated toM = (⊥W ,W). For this,
we note that each syzygy ΩnF of a module F of type FP∞, (with corresponding
resolution
· · · −→ P2 −→ P1 −→ P0 −→ F −→ 0
by finitely generated projectives Pi), is also of type FP∞. So as in the proof
of [Hov02, Theorem 9.4], we get that the set
I = {Ωd+1F →֒ Pn } ∪ { 0 →֒ R },
provides a set of (finite) generating cofibrations for M = (⊥W ,W). Also, J =
{ 0 →֒ R } is a set of (finite) generating trivial cofibrations. This means the model
structure is finitely generated. It now follows from a general theorem [Hov99,
Corollary 7.4.4] that the set S = {ΩdF} serves as a set of compact weak generators
for the associated homotopy category Ho(M). In particular, Ho(M) is compactly
generated.
(Step 3) We show that M is Gorenstein AC-projective if and only if M ∈ ⊥W .
( =⇒ ) So first supposeM is Gorenstein AC-projective and letW ∈ W . We wish to
show Ext1R(M,W ) = 0. Write a finite level resolution 0 −→ Ln −→ · · · −→ L1 −→ L0 −→
W −→ 0. The very definition of Gorenstein AC-projective immediately tells us that
ExtnR(M,L) = 0 for any n > 0 and level module L. Using this fact we can apply a
dimension shifting argument to conclude Ext1R(M,W )
∼= Extn+1R (M,Ln) = 0.
On the other hand suppose thatM ∈ ⊥W . We wish to show thatM is Gorenstein
AC-projective. First take a projective resolution of M as below.
· · · −→ P2 −→ P1 −→ P0 −→M −→ 0
Note that since M ∈ ⊥W , and (⊥W ,W) is a hereditary cotorsion pair, the kernel
at any spot in the sequence is also in ⊥W . Next we use the fact that (⊥W ,W) is
a complete cotorsion pair to find a short exact sequence 0 −→ M −→ P 0 −→ C −→ 0
where P 0 ∈ W and C ∈ ⊥W . But P 0 must also be in ⊥W since it is an extension
of two such modules. Since (⊥W ,W) has been shown to be a projective cotorsion
pair it follows that P 0 is a projective module. Continuing with the same procedure
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on C we can build a projective coresolution of M as below:
0 −→M −→ P 0 −→ P 1 −→ P 2 −→ · · · .
Again the kernel at each spot is in ⊥W . Pasting this “right” coresolution together
with the “left” resolution above we get an exact sequence
· · · −→ P1 −→ P0 −→ P
0 −→ P 1 −→ · · ·
of projective modules which satisfies the definition of M being a Gorenstein AC-
projective R-module. 
6.1. Example: Graded R[x]/(x2)-modules. It is enlightening to examine the
stable module category of the graded ring A = R[x]/(x2) from Section 5.5. Propo-
sition 5.1(3) characterizes the cofibrant objects. In the case that R has finite (left
and right) global level dimension, then an R-module is Gorenstein AC-projective
if and only if it is projective. So then Proposition 5.1(3) tells us that the Goren-
stein AC-projective A-modules are precisely the DG-projective R-chain complexes.
Furthermore, Corollary 5.2(3) tells us that the trivial A-modules in this case are
precisely the exact chain complexes. It follows that the stable module category,
Stmod(A), coincides with D(R), the derived category of R. The model structure
constructed in this section coincides with the usual projective model structure on
Ch(R); see [Hov99, Chapter 2].
In the case that R does not have finite (left and right) global level dimension,
then Stmod(A) does not coincide with D(R); because of Corollary 5.2(5). Neverthe-
less, Corollary 5.2(3) characterizes the trivial A-modules while Proposition 5.1(3)
describes the cofibrant objects.
7. The injective model structure
Again we let R denote an AC-Gorenstein ring. We just constructed its stable
module category, Stmod(R), in Theorem 6.2. It is the homotopy category of the
projective cotorsion pair Mprj = (GP ,W). In this section we construct a dual
(injective) model structure Minj = (W ,GI), where the class GI of fibrant objects
are the Gorenstein AC-injective modules of Definition 2.3.
Theorem 7.1. Let R be an AC-Gorenstein ring of dimension d and let W be the
class of all trivial R-modules as in Definition 4.3. Then Minj = (W ,GI) is an
injective cotorsion pair in R-Mod.
The proof will use the notion of purity in the category of chain complexes. Recall
a short exact sequence E : 0 −→ P −→ X −→ Y −→ 0 of chain complexes is called pure
if HomCh(R)(F, E) remains exact for any finitely presented chain complex F . In
the same way we say P ⊆ X is a pure subcomplex and X/P ∼= Y is a pure
quotient. The proof will use the following lemma.
Lemma 7.2. Let R be an AC-Gorenstein ring of dimension d and let LRd denote
the class of all level resolutions of length d. That is, the objects L ∈ LRd are
precisely the exact chain complexes
L ≡ 0 −→ Ld −→ · · · −→ L1 −→ L0 −→W −→ 0
with each Li a level R-module. (Thus any such W is in W, and conversely, for any
W ∈ W there is some L ∈ LRd ending in W .) Then the class LRd is closed under
pure submodules and pure quotients.
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Proof. Let E : 0 −→ P −→ L −→ Y −→ 0 be a pure exact sequence with L ∈ LRd.
Then [EG15, Lemma 3.2(1)] tells us that each Ei : 0 −→ Pi −→ Li −→ Yi −→ 0 is a pure
exact sequence. Since the class of level modules is closed under pure submodules
and pure quotients [BGH14, Prop. 2.10(2)], and since the class of exact complexes
is also closed under pure subcomplexes and pure quotients [EG15, Lemma 3.2(4)],
we get that P, Y ∈ LRd. 
Proof of Theorem 7.1. Let κ be some regular cardinal κ > |R|. We let S be a set
(of isomorphism representatives) of all R-modulesW ∈ W with |W | ≤ κ. Of course
(⊥(S⊥),S⊥) is a (necessarily complete) cotorsion pair cogenerated by S. We will
now show that ⊥(S⊥) =W .
(⊆) By a well-known fact, ⊥(S⊥) equals the class of all direct summands (re-
tracts) of transfinite extensions of modules in the set S. We already know from
Corollary 4.4 that W is closed under retracts and transfinite extensions and so we
conclude S ⊆ ⊥(S⊥) ⊆ W .
(⊇) Let W ∈ W . Then there exists a chain complex
L ≡ 0 −→ Ld −→ · · · −→ L1 −→ L0 −→W −→ 0
with each Li a level R-module. Referring to Lemma 7.2 we see that L ∈ LRd.
As the class LRd is closed under pure subcomplexes and pure quotients we may
apply [EG15, Prop. 3.4] to conclude that L is a transfinite extension of complexes
L = ∪α<λLα with each L0, Lα+1/Lα ∈ LRd and |L0|, |Lα+1/Lα| ≤ κ. Since the
definition used there for cardinality of a chain complex is |X | := |
∐
n∈ZXn|, it
follows that W is a transfinite extension of modules in S, whence W ⊆ ⊥(S⊥).
We now have that (W ,W⊥) is a cotorsion pair cogenerated by the set S. Since
W is thick and contains all injective modules (Corollary 4.4) we conclude (W ,W⊥)
is an injective cotorsion pair by the dual of Proposition 2.1.
Now let M be an R-module. To finish proving the theorem we now show that
M is Gorenstein AC-injective if and only if M ∈ W⊥. So first suppose M is
Gorenstein AC-injective. Let W ∈ W . We wish to show Ext1R(W,M) = 0. Write a
finite absolutely clean coresolution 0 −→W −→ A0 −→ A1 −→ · · · −→ An −→ 0. The very
definition of Gorenstein AC-injective immediately tells us that ExtnR(A,M) = 0 for
any n > 0 and absolutely clean module A. Using this fact we can apply a dimension
shifting argument to conclude Ext1R(W,M)
∼= Extn+1R (A
n,M) = 0.
On the other hand suppose thatM ∈ W⊥. We wish to show thatM is Gorenstein
AC-injective. First take an injective coresolution of M as below.
0 −→M −→ I0 −→ I1 −→ I2 · · ·
Note that since M ∈ W⊥, and (W ,W⊥) is a hereditary cotorsion pair, the kernel
at any spot in the sequence is also in W⊥. Next we use the fact that (W ,W⊥) is
a complete cotorsion pair to find a short exact sequence 0 −→ K −→ I0 −→ M −→ 0
where I0 ∈ W and K ∈ W
⊥. But I0 must also be in W
⊥ since it is an extension
of two such modules. Since (W ,W⊥) has been shown to be an injective cotorsion
pair it follows that I0 is an injective module. Continuing with the same procedure
on K we can build an injective resolution of M as below:
· · · −→ I1 −→ I0 −→M −→ 0.
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Again the kernel at each spot is inW⊥. Pasting this “left” resolution together with
the “right” coresolution above we get an exact sequence
· · · −→ I1 −→ I0 −→ I
0 −→ I1 −→ · · ·
of injective modules with M = ker (I0 −→ I1). This sequence satisfies the definition
of M being a Gorenstein AC-injective R-module since now HomR(A,−) will leave
the sequence exact for any absolutely clean module A. 
7.1. Example: Graded R[x]/(x2)-modules. Similar comments to the ones
made at the end of Section 6 hold for the injective model structure. In partic-
ular, in the case that R has finite (left and right) global level dimension, then an
A-module is Gorenstein AC-injective if and only if it is a DG-injective R-chain com-
plex. So the model structure constructed in this section coincides with the usual
injective model structure on Ch(R), from [Hov99, Chapter 2].
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